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Part I: Plasma modeling
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Fluids and plasmas

E.A. Johnson (UW–Madison) Dissertation Defense August 23rd, 2011 4 / 54



Model hierarchy

(Boltzmann-Maxwell)y
(10-moment Maxwell) −−−−−→ (10-moment two-fluid MHD)y y
(5-moment Maxwell) −−−−−→ (5-moment two-fluid MHD) −−−−−→ MHD
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Two-species models: ions, electrons (s=i,e)

Boltzmann-Maxwell model
Boltzmann equations:

∂t fi + v ·∇xfi + ai ·∇vfi = Ci + Cie ,

∂t fe + v ·∇xfe + ae ·∇vfe = Ce + Cei ,

Lorentz force law

ai =
qi
mi

(E+ v × B) ,

ae = qe
me

(E+ v × B)

Maxwell’s equations:

∂

∂t

[
B
E

]
+∇×

[
E
−c2B

]
=

[
0

−J/ε0

]
,

∇ · B = 0, ∇ · E = σ/ε0,

σ =
∑

s

qs

ms

∫
fs dv, J =

∑
s

qs

ms

∫
vfs dv

10-moment two-fluid
Maxwell model:

moments: ρs

ρsus

Es

 =

∫  1
v
vv

 fs dv

closure:

Rs =

∫
cscs Cs dv,[

Rs

Qs

]
=

∫ [
v

cscs

]
Csp dv,

qs =

∫
cscscs fs dcs

(cs := v − us)
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∂

∂t

[
B
E

]
+∇×

[
E
−c2B

]
=

[
0

−J/ε0

]
,

∇ · B = 0, ∇ · E = σ/ε0,

σ =
∑

s

qs

ms

∫
fs dv, J =

∑
s

qs

ms

∫
vfs dv

5-moment two-fluid
Maxwell model:

moments: ρs

ρsus

Es

 =

∫  1
v

1
2‖v‖

2

 fs dv

closure:

P◦s =

∫
(cscs − ‖cs‖21/3) fs dv,[

Rs

Qs

]
=

∫ [
v

1
2‖cs‖

2

]
Csp dv,

qs =

∫
1
2cs‖cs‖

2 fs dv

(cs := v − us)

E.A. Johnson (UW–Madison) Dissertation Defense August 23rd, 2011 7 / 54



Equations of the 10-moment 2-fluid Maxwell model
Gas dynamics equations

δt

 ρi

ρiui

ρiei

+

 0
∇ ·Pi

Sym2(∇ · (Piui)) +∇ ·qi

 = σi

 0
E+ ui × B

Sym2(uiE+ ei × B)

 +

 0
Ri

Ri +Qi


δt

 ρe

ρeue

ρeee

+

 0
∇ ·Pe

Sym2(∇ · (Peue)) +∇ ·qe

 = σe

 0
E+ ue × B

Sym2(ueE+ ee × B)

+

 0
Re

Re +Qe


where δtα := ∂tα+∇ · (usα),

Maxwell’s equations

∂

∂t

[
B
E

]
+∇×

[
E
−c2B

]
=

[
0
−c2J

]
,

∇ · B = 0, ∇ · E = σ/ε0,

σs =
qs

ms
ρs, σ =

∑
s

σs, J =
∑

s

σsus

Closures:

Rs = −τ−1s P◦s

qs = −
2
5
Ks

··· Sym3
(
Ts

Ts
·∇Ts

)
−Ri = Re = neη · J ?

Qs =?
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Equations of the 5-moment 2-fluid Maxwell model

Gas dynamics equations

δt

 ρi

ρiui

ρiei

+

 0
∇pi +∇ ·P◦i

∇ · (uipi) +∇ · (ui ·P◦i ) +∇ · qi

 = σi

 0
E+ ui × B

ui ·E

 +

 0
Ri

Q i


δt

 ρe

ρeue

ρeee

+

 0
∇pe +∇ ·P◦e

∇ · (uepe) +∇ · (ue ·P◦e ) +∇ · qe

 = σe

 0
E+ ue × B

ui ·E

+

 0
Re

Qe


where δtα := ∂tα+∇ · (usα),

Maxwell’s equations

∂

∂t

[
B
E

]
+∇×

[
E
−c2B

]
=

[
0
−c2J

]
,

∇ · B = 0, ∇ · E = σ/ε0,

σs =
qs

ms
ρs, σ =

∑
s

σs, J =
∑

s

σsus

Closures:

P◦s = −2µ : (∇u)◦

qs = −k ·∇T

−Ri = Re = neη · J?
Qs =?
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MHD: Maxwell’s equations

Magnetohydrodyamics (MHD) assumes that the light speed is infinite.
Then Maxwell’s equations simplify to

∂tB +∇× E = 0, ∇ ·B = 0,

µ0J = ∇× B−����XXXXc−2∂tE, µ0σ = 0 +���
��XXXXXc−2∇ ·E

This system is Galilean-invariant, but its relationship to gas-dynamics is
fundamentally different:
variable MHD 2-fluid-Maxwell
E supplied by Ohm’s law evolved

(from gas dynamics) (from B and J)
J J = ∇× B/µ0 J = e(niui − neue)

(comes from B) (from gas dynamics)
σ σ = 0 (quasineutrality) σ = e(ni − ne)

(gas-dynamic constraint) (electric field constraint)
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MHD: charge neutrality

The assumption of charge neutrality reduces the number of gas-dynamic
equations that must be solved:

net density evolution

The density of each species is the same:

ni = ne = n

net velocity evolution

The species fluid velocities can be inferred from the net current, net
velocity, and density:

ui = u +
me

mi + me

J
ne
, ue = u− mi

mi + me

J
ne
.
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MHD: Ohm’s law

Ohm’s law is current evolution solved for the electric field:

E =B× u (ideal term)
+ η · J (resistive term)

+ mi−me
eρ J× B (Hall term)

+ 1
eρ∇ · (mePi −miPe) (pressure term)

+ mime
e2ρ

[
∂tJ +∇ ·

(
uJ + Ju− mi−me

eρ JJ
)]

(inertial term).

Ohm’s law gives an implicit closure to the induction equation,
∂tB +∇× E = 0, and entails an implicit numerical method.
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Equations of 10-moment 2-fluid MHD
Pressure evolution

nidtTi + Sym2(Pi ·∇ui) +∇ ·qi = qi
mi

Sym2(Pi × B) + Ri +Qi,

nedtTe + Sym2(Pe ·∇ue) +∇ ·qe = qe
me

Sym2(Pe × B) + Re +Qe.

mass and momentum:

∂tρ+∇ · (uρ) = 0

ρdtu+∇ · (Pi + Pe + Pd) = J× B

Electromagnetism

∂tB+∇× E = 0, ∇ ·B = 0,

J = µ−10 ∇× B,

Ohm’s law
E = η · J+ B× u+ mi−me

eρ J× B

+ 1
eρ∇ · (mePi −miPe)

+ mime
e2ρ

[
∂tJ+∇ ·

(
uJ+ Ju− mi−me

eρ JJ
)]

Definitions:

dt := ∂t + us ·∇,

Pd := ρiwiwi + ρewewe

wi =
meJ
eρ

, we = −miJ
eρ

Closures:

Rs = −τ−1s P◦s

qs = −
2
5
Ks

··· Sym3
(
Ts

Ts
·∇Ts

)
−Ri = Re = neη · J
Qs =?
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Equations of 5-moment 2-fluid MHD
Pressure evolution

3
2ndtTi + pi∇ · ui + P◦i :∇ui +∇ · qi = Qi,
3
2ndtTe + pe∇ · ue + P◦e :∇ue +∇ · qe = Qe;

mass and momentum:

∂tρ+∇ · (uρ) = 0

ρdtu+∇ · (Pi + Pe + Pd) = J× B

Electromagnetism

∂tB+∇× E = 0, ∇ ·B = 0,

J = µ−10 ∇× B,

Ohm’s law
E = η · J+ B× u+ mi−me

eρ J× B

+ 1
eρ∇ · (me(pi + P◦i )−mi(pe + P◦e))

+ mime
e2ρ

[
∂tJ+∇ ·

(
uJ+ Ju− mi−me

eρ JJ
)]

Definitions:

dt := ∂t + us ·∇,

Pd := ρiwiwi + ρewewe

wi =
meJ
eρ

, we = −miJ
eρ

Closures:

P◦s = −2µ : (∇u)◦

qs = −k ·∇T

−Ri = Re = neη · J?
Qs =?
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Resistive MHD

Ohm’s law:

E =η · J (resistive term)

+B× u (ideal term)

+mi−me
eρ J× B (Hall term)

+ 1
eρ∇ · (mePi −miPe) (pressure term)

+ mime
e2ρ

[
∂tJ+∇ ·

(
uJ+ Ju− mi−me

eρ JJ
)]

(inertial term).

Resistive MHD model:

∂

∂t


ρ
ρu
E
B

+∇ ·


ρu

ρuu+
(
p + 1

2‖B‖
2) I− BB

u
(
E + p + 1

2‖B‖
2)− B (u · B)

uB− Bu

 =


0
0

η∇ · [B× (∇× B)]
η∇2B


∇ · B = 0
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Discontinuous Galerkin methods

Spatial discretization [Cockburn & Shu, 1990’s]

Basis functions: φ(`)(x) =
{
. . . , xk−1, xk−2 y , . . . , x yk−2, yk−1}

Galerkin expansion: qh(x, t) =
∑k(k+1)/2

n=1 Q(`)(t)φ(`)(x)

∀T start with q,t +∇ · F(q) = 0 and obtain semi-discrete weak-form:∫
T
φ(`) q,t dx = −

∫
T
φ(`)∇ · F(q) dx

=⇒ d
dt

Q(`) =
1
|T |

∫
T
∇φ(`) · F(q) dx︸ ︷︷ ︸
Interior

− 1
|T |

∮
∂T

φ(`) F(q) · ds︸ ︷︷ ︸
Edge

Interior: numerical quadrature, Edge: approx Riemann soln, then quadrature
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The DoGPack software package
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Part II: Magnetic reconnection
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“Frozen-in” magnetic field lines

How does a plasma act differently from a normal gas?
moving charges −→ electrical current −→ magnetic field
charged particles spiral around magnetic field lines.
viewed from a distance, the particles are stuck to the field lines.
so magnetic field lines approximately move with the plasma.
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Magnetic Reconnection

Start: oppositely directed field lines are driven towards each other.
Field lines reconnect at the X-point.
Lower energy state: change topology of field lines
Results in large energy release in the form of oppositely directed jets

2D separator reconnection
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X-point analysis

At the X-point the momentum equation (“Ohm’s law”) reduces to

rate of reconnection = E3(0) =
−Ri

eni
(resistive term)

+
∇ ·Pi

eni
(pressure term)

+
mi

e
∂tui (inertial term)

Consequences:

1 Collisionless reconnection is supported by the inertial or pressure term.

2 For the 5-moment model the inertial term must support the reconnection; i.e. each
species velocity at the origin should track exactly with reconnected flux.

3 For steady-state reconnection without resistivity the pressure term must provide for
the reconnection.
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Collisionless magnetic reconnection: GEM problem

[Frey et al., Nature, 2003] 3718 BIRN ET AL.' GEM RECONNECTION CHALLENGE 

X 4 

3 

2 

Full Particle 

Hyb rid 
Hall MHD 
MHD / 

I 

0 10 20 30 40 
t 

Figure 1. The reconnected magnetic flux versus time from a variety of simulation models: full 
particle, hybrid, Hall MHD, and MHD (for resistivity r/-0.005). 

phase speed is the factor which limits the electron out- 
flow velocity from the inner dissipation region (where 
the electron frozen-in condition is broken) the electron 
outflow velocity should scale like the whistler speed 
based on the electron skin depth. This corresponds to 
the electron Alfv•n speed vAe = v/B2/4•men. With 
decreasing electron mass the outflow velocity of elec- 
trons should increase. This trend has been clearly iden- 
tified in particle simulations [Hesse et al., 1999; Hesse 
et al., this issue; Pritchett, this issue]. A series of sim- 
ulations in the hybrid model confirmed the scaling of 
the outflow velocity with vAe and that the width of the 
region of high outflow velocity scales with c/v:pe [Shay 
et al., this issue]. The flux of electrons from the inner 
dissipation region is therefore independent of the elec- 
tron mass, consistent with the general whistler scaling 
argument. 

As noted previously, excess dissipation in the Hall 
MHD models reduces the reconnection rate below the 
large values seen in particle models. On the other hand, 
large values of the resistivity are required in the simu- 
lations to prevent the collapse of the current layers to 
the grid scale. The reason is linked to the dispersion 
properties of whistler, which controls the dynamics at 
small scale. Including resistivity r/= m•i/ne 2, 

Even as k --> cx•, the dissipation term remains small 
compared with the real frequency as long as 
There is no scale at which dissipation dominates prop- 
agation. The consequence is that current layers be- 
come singular unless the resistivity becomes excessive, 
even when electron inertia is retained. The resolution 
of the problem is straightforward. Dissipation in the 

magnetic field equation proportional to V p with p _) 4 
can be adjusted to cut in sharply around the grid scale 
and not strongly diffuse the longer scale lengths which 
drive reconnection. Such dissipation models are there- 
fore preferable to resistivity in modeling magnetic re- 
connection with hybrid and Hall MHD codes. 

The key conclusion of this project is that the Hall 
effect is the critical factor which must be included to 
model collisionless magnetic reconnection. When the 
Hall physics is included the reconnection rate is fast, 
corresponding to a reconnection electric field in excess 
of 0.2Bov•/c. For typical parameters of the plasma 
sheet (n .• 0.3cm -3 and B -• 20 nT), this rate yields 
electric fields of order 4 mV/m. Several caveats must, 
however, be made before drawing the conclusion that 
a Hall MHD or Hall MHD code would be adequate to 
model the full dynamics of the magnetosphere. The 
conclusions of this study pertain explicitly to the 2-D 
system. There is mounting evidence that the narrow 
layers which develop during reconnection in the 2-D 
model are strongly unstable to a variety of modes in 
the full 3-D system. Whether the Hall MHD model 
provides an adequate description of these instabilities 
and whether these instabilities play a prominent and 
critical role in triggering reconnection and the onset of 
substorms continues to be debated. 

Acknowledgments. This work was supported in part 
by the NSF and NASA. Janet G. Luhmann thanks J. D. 
Huba and another referee for their assistance in evaluating 
this paper. 
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GEM: Resistive MHD (η = 5× 10−3)
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GEM: 2-fluid 5-moment (mi
me

= 25)
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GEM: 2-fluid 5-moment (mi
me

= 1)
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GEM: 2-fluid 5-moment (mi
me

= 1, τ = 0)
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GEM: 2-fluid 10-moment (mi
me

= 1, τ = 0.2)
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GEM (mi
me

= 25): kinetic models vs. 5- and 10-moment

How does our model compare with published kinetic simulations on the full
GEM problem?

We compare the time until peak reconnection rate with published kinetic
results.

model 16% flux reconnected
Vlasov [ScGr06] t = 17.7/Ωi :
PIC [Pritchet01] t = 15.7/Ωi :
10-moment t = 18/Ωi :
5-moment t = 13.5/Ωi :
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GEM (mi
me

= 25): kinetic models vs. 5- and 10-moment

The ten-moment
model attained 16%
flux reconnected at
about t = 18/Ωi :

The five-moment
model attained 16%
flux reconnected at
about t = 13.5/Ωi :

E.A. Johnson (UW–Madison) Dissertation Defense August 23rd, 2011 37 / 54



Magnetic field at 16% reconnected

Magnetic field lines for PIC
at Ωi t = 15.7 [Pritchett01]

results, no averaging over a finite time period had to be car-
ried out here because the Vlasov simulations do not suffer
from artificial numerical noise.

A. Ohm’s law

Within the GEM reconnection challenge it has become
clear that the Hall-MHD model is a minimal model to under-
stand collisionless reconnection.4 In Hall MHD Ohm’s law
has the form

m

ne2

dj

dt
= E + vi ! B −

1
ne

j ! B +
1
ne

! · P! e,

where the resistivity has been neglected. This is the exact
electron momentum equation which can be derived from ki-
netic theory of a collisionless plasma without any approxi-
mations. At large scale lengths only the MHD terms play a
role, while the Hall term and the electron pressure gradient
can be neglected. To investigate the regions in which the

FIG. 2. !Color online" The out-of-
plane magnetic field Bz !upper panel",
the electron out-of-plane current je,z
!middle panel", and the ion out-of-
plane current ji,z !lower panel" at time
"it=17.7.

FIG. 3. Velocity profile at "it=18.1 as a function of x at the location of the
current sheet z=0 for electrons and ions.

092309-4 H. Schmitz and R. Grauer Phys. Plasmas 13, 092309 "2006#

Downloaded 06 Apr 2010 to 128.104.1.219. Redistribution subject to AIP license or copyright; see http://pop.aip.org/pop/copyright.jsp

Magnetic field for Vlasov
at Ωi t = 17.7 [ScGr06]

magnetic field of [Pritchett01]
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Off-diagonal components of electron pressure tensor

Off-diagonal components of the
electron pressure tensor for 10-moment
simulation at Ωi t = 18

−!vi!B"z. This term becomes nonzero when ions can move
across the magnetic field lines in a region of a few ion iner-
tial lengths around the X line. Again two peaks can be ob-
served in the outflow region. The peak values are, however,
less than half of the inductive electric field. A striking feature
in this picture is the almost circular ring around the X line,
where the ions become demagnetized. The sheets of en-
hanced value along the separatrix are narrower than those

observed from the Hall term. They have the same sign as the
peaks near the X line and therefore partially cancel the Hall
term.

Figures 5 and 6 display the components of the electron
pressure tensor. Although only the two mixed elements Pxz
and Pyz play a role in the z component of Ohm’s law, the
other elements are shown for completeness. The upper panel
of Fig. 5 shows the diagonal terms of the pressure tensor.

FIG. 5. !Color online" The diagonal
components of the pressure tensor at
time "it=17.7.

FIG. 6. !Color online" The off-
diagonal components of the pressure
tensor at time "it=17.7.

092309-6 H. Schmitz and R. Grauer Phys. Plasmas 13, 092309 !2006"

Downloaded 06 Apr 2010 to 128.104.1.219. Redistribution subject to AIP license or copyright; see http://pop.aip.org/pop/copyright.jspOff-diagonal components of the
electron pressure tensor for Vlasov
simulation at Ωi t = 17.7 [ScGr06]
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Diagonal components of electron pressure tensor

Diagonal components of the electron
pressure tensor for 10-moment
simulation at Ωi t = 18

−!vi!B"z. This term becomes nonzero when ions can move
across the magnetic field lines in a region of a few ion iner-
tial lengths around the X line. Again two peaks can be ob-
served in the outflow region. The peak values are, however,
less than half of the inductive electric field. A striking feature
in this picture is the almost circular ring around the X line,
where the ions become demagnetized. The sheets of en-
hanced value along the separatrix are narrower than those

observed from the Hall term. They have the same sign as the
peaks near the X line and therefore partially cancel the Hall
term.

Figures 5 and 6 display the components of the electron
pressure tensor. Although only the two mixed elements Pxz
and Pyz play a role in the z component of Ohm’s law, the
other elements are shown for completeness. The upper panel
of Fig. 5 shows the diagonal terms of the pressure tensor.

FIG. 5. !Color online" The diagonal
components of the pressure tensor at
time "it=17.7.

FIG. 6. !Color online" The off-
diagonal components of the pressure
tensor at time "it=17.7.

092309-6 H. Schmitz and R. Grauer Phys. Plasmas 13, 092309 !2006"

Downloaded 06 Apr 2010 to 128.104.1.219. Redistribution subject to AIP license or copyright; see http://pop.aip.org/pop/copyright.jsp

Diagonal components of the electron
pressure tensor for Vlasov simulation at
Ωi t = 17.7 [ScGr06]
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Electron gas at t = 16

Problem: the code crashes! Why? Look at electron gas dynamics:

E.A. Johnson (UW–Madison) Dissertation Defense August 23rd, 2011 41 / 54



Electron gas at t = 20

Problem: the code crashes! Why? Look at electron gas dynamics:
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Electron gas at t = 26

Problem: the code crashes! Why? Look at electron gas dynamics:
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Electron gas at t = 28 (just before crashing)

Problem: the code crashes! Why? Look at electron gas dynamics:
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Heating singularity (mi
me

= 25)

A heating singularity develops between 20% and 50% reconnected flux which
crashes the code or produces a central magnetic island.

(Te)yy becomes large.

(Te)xx becomes small.

ρe becomes small.

electron entropy becomes large.

These difficulties prompted me to study whether nonsingular steady-state
solutions exist for adiabatic plasma models.
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Steady magnetic reconnection requires heat flux

Theorem. 2D rotationally symmetric steady magnetic reconnection must be
singular in the vicinity of the X-point for an adiabatic model.

Argument. In a steady state solution that is symmetric under 180-degree rotation
about the X-point, momentum evolution at the X-point says:

rate of reconnection = E3(0) =
−Ri

eni
+
∇ ·Pi

eni
.

Assume a nonsingular steady solution. Then at the origin (0) no heat can be
produced, so Ri = 0 at 0. Differentiating entropy evolution twice shows that
∇ ·Pi = 0 at 0. So there is no reconnection.
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Part III: Heat flux closure
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Heat flux closure

We need a nonzero heat flux closure. I advocate to use:

qs = − 2
5ksK̃ s

··· Sym3
(
Ts

Ts
·∇Ts

)
;

here k is the heat conductivity. In the absence of a magnetic field K̃ is the
identity tensor [McDonald and Groth, 2008].

What should K̃ be in the presence of a magnetic field?

depends on collision operator.

I assume a BGK collision operator.
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BGK collision operator

Recall the Boltzmann equation,

∂t fs +∇x · (vfs) +∇v · (asfs) = Cs.

The BGK collision operator relaxes fs to a Maxwellian distribution:

Cs =
fM − fs
τs

.
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Closure coefficients for heat flux tensor

For the heat flux coefficients a Chapman-Enskog expansion assuming a BGK
collision operator yields

K̃ =
(
13
‖ + 3

21‖(1
2
⊥ + 12

∧)
)

+
3

1 +$2

(
1⊥1

2
‖ −$1∧1

2
‖

)
+

3
1 + 4$2

(
12
⊥ − 12

∧
2

1‖ − 2$1∧1⊥1‖

)
+ (k01

3
⊥ + k11∧1

2
⊥ + k21

2
∧1⊥ + k31

3
∧);

(1)

here $ := τs
qs
ms
|B| is gyrofrequency per collision frequency, b := B/|B| is the

direction vector of the magnetic field, 1 is the identity matrix, and 1‖ := bb,
1⊥ := 1− 1‖, and 1∧ = 1× b generate gyrotropic basis tensors. The remaining
coefficients are. . .
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Closure coefficients for heat flux tensor

k3 :=
−6$3

1 + 10$2 + 9$4 = −(2/3)$−1 +O($−3),

k2 :=
6$2 + 3$(1 + 3$2)k3

1 + 7$2 = O($−2),

k1 :=
−3$ + 2$k2

1 + 3$2 = −$−1 +O($−3),

k0 :=1 +$k1 = O($−2).
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Closure coefficients for heat flux tensor

All tensor products in equation (1) are splice symmetric products, satisfying
2(AB)j1j2k1k2 := Aj1k1Bj2k2 + Bj1k1Aj2k2 and

3!(ABC )j1j2j3k1k2k3 :=Aj1k1Bj2k2Cj3k3+Aj1k1Cj2k2Bj3k3

+Bj1k1Aj2k2Cj3k3+Bj1k1Cj2k2Aj3k3

+Cj1k1Aj2k2Bj3k3+Cj1k1Bj2k2Aj3k3

(so permute the letters and leave the indices unchanged).
For computational efficiency instead use splice products,

(AB)′j1j2k1k2
:= Aj1k1Bj2k2 ,

(ABC )′j1j2j3k1k2k3
:= Aj1k1Bj2k2Cj3k3 ,

and symmetrize at the end:

qs = − 2
5ks Sym

(
K̃
′
s
··· Sym3

(
Ts

Ts
·∇Ts

))
;
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Future work

Clean up my dissertation (!)

Develop DoGPack.

Develop Boundary Integral Positivity Limiter framework.

Study 10-moment two-fluid tearing.

Implement heat flux closure.

Lorentz-invariant heat flux evolution.
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Thanks!

I want to thank my committee, with special thanks to James Rossmanith for
advising me, Jerry Brackbill for lots of help and advice, and Carl Sovinec for many
consultations.

Also, I want to acknowledge people have been especially helpful to me in this
research, particularly Ping Zhu, Nick Murphy, and Ammar Hakim.
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