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Abstract: The fundamental plasma equations consist of Maxwell’s equations
for the electromagnetic field coupled to the kinetic equations for particle mo-
tion. The two-fluid model replaces the kinetic equations with fluid equations
and is appropriate when intraspecies collisions are frequent enough to keep
the distribution of particle velocities nearly symmetric. On time scales for which
plasma oscillations are rapid, positive and negative charges must balance, and
the plasma acts like a single, conducting fluid described by the equations of
resistive magnetohydrodynamics (MHD).
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@ Vlasov: fluid in phase space
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Conservation law framework

Quantities:

t = time

X = position

U(t, X) = balanced quantity
F(t,X) = flux function (e.g. F(V)).
S(t, X) = 0 (no production of U).
Definitions:

Q = arbitrary region

dQ2: volume element

dtdQS: production in volume element
n = outward unit vector

dA = ndA: surface element

dtdA-F(t, X) = flux of U out of
surface element. To see that flux is
linear in dA, consider that Q can be
approximated by a set of cells in a
rectangular grid. df dA Fy gives flux
across face perpendicular to first axis;
dA; is area of projection of surface
element onto first axis.

Note: F = T in picture.

Johnson (KU Leuven)

Fluid models

Balance law:

(vQ)  JoU(t) — [, U()
= *fanA'ng

— (vQ) d,fQU:—?{ dA-F
o0
— (vQ) /(a,u+v-F):o
Q

<~ |0tU+V-F=0|

I3

—mlez)

a'fl'n = pdV
_les)

Nov 28, 2013



Balance law framework

Quantities:

o t=time

@ X = position

@ U(t, X) = balanced quantity

@ F(t,X) = flux function (e.g. F(U)).

@ 5(t,X) = production of U.
Definitions:

@ Q = arbitrary region

dQ2: volume element

dtdQS: production in volume element
n = outward unit vector

dA = ndA: surface element

dtdA-F(t, X) = flux of U out of
surface element. To see that flux is
linear in dA, consider that Q can be
approximated by a set of cells in a
rectangular grid. df dA Fy gives flux
across face perpendicular to first axis;
dA; is area of projection of surface
element onto first axis.

Note: F = T in picture.

Johnson (KU Leuven)

Fluid models

Balance law:
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Transport Derivatives

Given:
@ t=time
@ X = position
@ V(t, X) = velocity field
@ «(t,x) = arbitrary function
@ p(t,x) = density convected by V
o dt = %
° ’5{04 = a,a+v-(va)‘

= “transport derivative” of a.

o ’d;a = 8,0:+V-Va‘
= material derivative of a.

Properties:

° lsta:dta—l—aV-V‘.

0 5t(afB) = di(aB) + (V -V)aB
= (dt)B + a(deB) + (V - V)aB
= (0ta)B + a(dtB).

51(pB) = pdi3
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Conservation of transported material:

p(t,x) is transported by V
< F:=Vp isafluxforp

= ’f?zp-i—V-(Vp):O‘

<= dilnp=-V-V.

Incompressible flow:

V is incompressible
< dip=0
< dilnp=0

= [vv=o
<

dra = 6ra (Ya).



http://en.wikipedia.org/wiki/Material_derivative

Vlasov equation

Given: Theorem: Lorentz acceleration implies
incompressible flow in phase space.

@ Xx: position @ Incompressible means Vy -V = 0.

@ v = X: velocity o Vx-V=Vy-V+Vy-a

ea= v: acceleration @ Vx-v = 0because x and v are

@ f;: number distribution of species s. independent variables.

@ %(t,x, v)dxdv: number of particles of @ Vy-E(t,x) = 0 for same reason.

32&?:16:5):2\,&1 region of state space with ® SoVy-a= % a%fi;‘ijBk(fv x) = 0.

@ mj: particle mass of species s Vlasov equation (conservation of particles):

@ q,: particle charge of species s £(t,X) is transported by V

@ f, = myf;: mass distribution of species s. e Of+Vx- (V) =0

@ a, = = (E + v x B): Lorentz acceleration.

° X :=(x, , v): position in state space. - ‘ Of + V- (Vi) + V- (af) = 0 ‘

@ V:= X = (v,a,): velocity in state space. (conservation form)

© (v x B) =5, Sy cinjBy (cross product) s [37 +v-Vyl +a-Vy-1 = 0]

® ¢ji: Levi-Civita symbol = Hf+V.Vyf=0
We suppress the species index s when focusing Remark: conservation form is preferred for
on one species. taking fluid moments.
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@ Presentation of plasma models
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kinetic-Maxwell and the fluid limit

Kinetic-Maxwell:

particle equations:

Fluid approximation:

diXp = Vp,

i
divp = eE- (Vp x B(Xp) + E(Xp)) +

electromagnetic field:

0B+V xE=0,

—c25E+V x B = pod,

V-B=0, ¢ 2V-E=pgo.
charge-weighted moments:

o(x) == e>,Sp(x — Xp)q#,

J(x) := €32, Sp(x — xp)Q;éVp-
Plugging vp = ;—Z(vp x B + E) into the
time-derivative of mass (3_,Spmp),
momentum (3°,VpSpmp), and energy
(Zp% V2 Spmp) density yields gas (i.e.
fluid) equations.

Johnson (KU Leuven)

Op+V-(pu)=0 (mass),
pdiu +Vp+V.P° =J x B+ cE + R(momentum),
dip+ypV -u+P°:Vu+V-.q=0 (energy),

where we have used the definitions
0:=3¢S, J:=3vgS, p:=}>cEms,
pi=3mS, pu:=3vmS, P:=3>ccmS,
R:=>rmS, c:=v-—u, P° =P —pl,
with the abbreviations

m:= Mmp, S = Sp(x — Xp),
g:=eqy, 2=

and the chain rule ;S = —v-VS.

Assuming that particle velocities for each species have
a symmetric distribution implies P = 0 and qs = 0,
giving Euler gas dynamics for each species, hence the
ideal two-fluid Maxwell plasma model.
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Modeling parameters

Physical constants that define an
ion-electron plasma:

Collisionless time, velocity, and space scale parameters:

Hono(ce)?

- . 2 .
@ e (charge of proton), plasma frequencies: wp  : me ,
@ m;, me (ion and electron mass), . eB,
i gyrofrequencies: wgs:= —,
O c (speed of light), ms
Q 1o (vacuum permeability). thermal velocities:  v7 : 2ﬂ,
’ Ps
MHD parameters that characterize 2 B2
the state of a plasma: Alfvén speeds: v} ZPs _ mO _,
@ ny (typical particle density), ps  HoMslo
@ Ty (typical temperature), Debye length:  Ap : Vs _ To -
@ B, (typical magnetic field). wp,s | Mopo(ce)
. Vt, MsVt,
Derived typical quantities: gyroradii: 1y := & = =08
wg,s  €Bp
@ po := ny Ty (thermal pressure)
. VA,s c ms
B2 ) skin depths: g 1= —= =— = 5
@ pp:= ﬁ (magnetic pressure) wg,s Wp,s 1oNs€
@ ps := nyms (mass density). olasma 3 ‘= Po _ ( Vis )2 _ (@)2.
Collision periods: PB VA;,s 0s
: i i - . _C __Ilgs _ Wps
@ 7: period of relaxation of non-MHD ratio: Vas ~ Ap  wgs

species s toward Maxwellian
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Plasma model hierarchy

@ kinetic-Maxwell
fast collisions (75! — o0)

@ ideal two-fluid Maxwell: Euler gas for each species: ps, Us, p;

fast oscillations (e — o)

@ relativistic ideal MHD: perfectly conducting gas

fast light waves (¢ — o)

Q classical ideal MHD: perfectly conducting gas: E =B x u.
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two-fluid Maxwell - MHD

Two-fluid Maxwell: Quasi-relativistic MHD (e — o0):
gas evolution: gas evolution:
Otps +V - (psus) = 0, Op +V - (pu) =0 (mass),
psdius +Vps =ds x B+oE+ Ry, pdiu+Vp=JxB+oE (momentum),
o+ vV -ug = 3 m’ed Q dip+ypV-u=2J-n-J (thermal energy).
electromagnetic field: magnetic field:
0B+ V xE=0, 0B+ V XE=0 (magnetic field),
—c23E 4+ V x B = uod, E=Bxu+n-J (Ohm’s law),
V-B=0, ¢ 2V-E= o, V-B=0 (divergence constraint),
J=d +Jde, Js = osus, pod :=V xB— c_28,E (Ampere’s law for current),
0 =0+ 0e, O5:= j:misps. poo = ¢ 2V -E (quasineutrality).
closure: definitions:
2 v = 5
—Ri = R. = e“nenin - (U; — ue) df =0+ us-V, :
~em-J, dr:=0r+u-V, Mieg ::me

~SRi-usxJon-d.
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two-fluid Maxwell - MHD

Two-fluid Maxwell: Classical MHD (e — o0, ¢ — ~0):
gas evolution: gas evolution:
Otps + V + (psus) =0, Op+V -(pu) =0 (mass),
psdius + VP =ds x B+ osE+ Ry,  pdiu+Vp=JxB (momentum),
o+ vV -ug = 3 ”"ed Q dip+pV-u=2J.-n-J (thermal energy).
electromagnetic field: magnetic field:
0B+ V xE=0, 0B+ V XE=0 (magnetic field),
—c23E 4+ V x B = uod, E=Bxu+n-J (Ohm’s law),
V-B=0, c2V.-E— 160, V-B=0 (divergence constraint),
J=d +Jde, Js = osus, pod :=V xB (Ampere’s law for current),
0 =0+ 0e, 05:= j:misps. poo =0 (neutrality).
closure: definitions:
2 v = 5
—Ri =R = é“nenin - (U; — Ue) df =0+ us-V, :
~em-J, dr:=0r+u-V, Mieg ::me

~SRi-usxJon-d.
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@ Derivation of plasma models
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kinetic-Maxwell (the “truth”)

particle evolution:

diXp = Vp,

divp = ap(Xp, Vp),

ap = % (vp x B(xp) + E(Xp)) + 1.
electromagnetic field:

4B+ V xE=0,

—¢25E+V x B = pgd,

V.-B=0, ¢ ?V.E=pgo.
charge-weighted moments:

o(x) = 3, Sp(X)dp,

J(X) := 325 Sp(X)dpVp;
here S,(x) = S(x — x,) is the shape
function of particle p, X, is its position, v,
is its velocity, r, is collisional drag, E is

electric field, B is magnetic field, J is
current, and o is charge density.

Johnson (KU Leuven)

Collisional drag.

The term r, can be used to incorporate gravitational
acceleration, but in this context we introduce r;, to
account for microscale interactions not accounted for
by macroscale smoothed versions of the
electromagnetic field.

Collisional drag must conserve momentum and energy:

> rpmS, =0 (momentum),

(1)
> rpevymS, =0 (energy).
Collision operator [aside].
For each species s, specifying r is equivalent to reveals that
specifying a collision operator C. Indeed,
—Vy-(rf)=C

requiring the collisional Vlasov equation
_ must hold; to solve,
Of +V - (vf) + Vy-(af) =C setrf — Vo, where
to agree with the “drag force” Vlasov equation 7V§¢ =C.

Of+V - (V) + Vy-((@a+1)f) =0
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kinetic-Maxwell and moments

particle evolution:

diXp = Vp,

divp = ap(Xp, Vp),

ap = % (Vp x B(Xp) + E(Xp)) + 1p. (2)
electromagnetic field:

4B+ V xE=0,

—¢25E+V x B = pgd,

V.-B=0, ¢ ?V.E=pgo.
charge-weighted moments:

o(x) = 3, Sp(X)dp,

J(X) := 325 Sp(X)dpVp;
here S,(x) = S(x — x,) is the shape
function of particle p, X, is its position, v,
is its velocity, r, is collisional drag, E is

electric field, B is magnetic field, J is
current, and o is charge density.

Johnson (KU Leuven)

Fluid models evolve mass-weighted moments:
p(x) = 32,mpySp(x) (mass),
M(x) := >, vpmp Sp(x) (momentum),
E(x) = 2,5 vplPmpSp(x)  (energy),

To abbreviate we drop the particle summation index p
and the independent variable x and write

oc:=>9S (charge),
p:=>.mS (mass),
J:=>"vgS (current),

M:=>vmS (momentum),
£:=35IvPmS  (energy).

To get fluid equations, differentiate and use:

o‘V:%(EJrva)Jrr‘

0 9;S(x — Xp(1)) = —Vp - VS(x — X;), i.e.,
0tS=-v-VS|
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Moment evolution: from kinetic to fluid

Given definitions: Generic mass moment evolution:
1 zeroth moment .
0 x(v) = { v first moment 92 xmS = Z XmoS + Z xmS
2
v second moment — 8{(P<X>) + Z V- mvs — Z )'(ms
mS
° ()= szms = 8(p(x)) + V-vxmS = v - VyxmS
(statistical mean of ). <= (p(x)) + V- (p{vx)) = p(V-Vix)
@ p:= > mS (mass density) —
= [Blpb) + Y (lex) = pl@- Vo) | @)
e
(generic moment) in the last step we have used that
@ u:= (v) (fluid velocit SvX) = ((u + c)X> = u{x) + (cx) and
Wt ) 5:(p(x)) = Br(p(x)) + ¥ - (u(x):
@ c := Vv — u (thermal velocity)
0 Sia = Ba + V - (ua) Mass continuity. (x = 1).
(“transport derivative”). If x =1, then (cx) = (¢) = 0 and Vyx = 0, so we simply
@ dio =B +u- Vo get 0p = 0, that is,
(advective derivative).
@ M= pu (momentum). Orp +V - (up) = 0.

subscript s restricts sums to

particles of species s. Exercise: Using mass continuity, show that
n=3,05= misps (number 3t(p(x)) = pdi(x)-
density)
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Continuity equations

Vlasov equation [aside].

Charge continuity.
Differentiating the definition of charge
density gives dio = 0ty QS =
—>v.qVS=-V->vgS,i.e, the flux of
charge is the current:

oo +V-Jd=0.

Mass continuity (again).

Replacing g with m in charge density
evolution shows that mass flux coincides
with the (classical) definition of momentum:

[9p+ V- (up) =0} (4)

that is (restricting to species s),

Otps + V + (Usps) = 0; dividing by m; gives
continuity of number density ny = ps/ms for
species s:

‘ orns + V - (usng) =0 ‘

Johnson (KU Leuven)

The Vlasov equation is
simply the continuity
equation in six-dimensional
phase-space. To see this:

@ UseX = (x,v)to
denote a point in
phase space.

@ UseV=X=(v,a)
to denote velocity in
phase space.

@ Write the particle
distribution function
(for a species of
particles) as the sum
of particle shape
functions:
f= Zpsp.

@ Observe that V(X),
i.e. the fluid is “cold.”

@ Assume that the

shape of a particle in
phase space is a delta

function (unit spike):

Sp(X) = (X — X,).

Fluid models

Then the continuity equation
ong + V - (ugny) =0
becomes the Vlasov equation
Ofi + Vx - (Vsf) = 0, i.e.,

O + V- (VF) + Vy- (af) |

In gory detail:
—0if = =32,0tSp
= vap : VXSP
=Vx- vapsp
= Vx- Z,V(%)5(X — Xp)
= Vx -2, V(X)6(X — Xp)
= Vx- (V) Z,6(X - Xp))
= Vx- (V1)
= Vyx - (V) + Vy - (af)
=vVv.Vxf+a-Vf,
where the last step follows
from the incompressibility
condition Vy -a = 0.
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Taking moments: momentum density evolution

Given definitions: Momentum balance (x = v):
e u:= (v) (bulk velocity) @ Recall generic moment evolution (Egn. (3)):
@ c:=V —u (thermal velocity) 5:({px)) + Vx - (plex)) = p(a- Vvy)
@ M := pu (momentum) .
R.— S lisional d @ Observe that (c) = 0 (since c = v —u and (v) = u). So
® R:=>_rmS (collisional drag) (wW) = {(u+¢)(u+¢)) = uu + u{e) + (chu + (cc).
@ P := p(cc) (pressure tensor) That is, (vv) = uu + P. Thus, since Vy-v =1,
1 2
@ p:= 3p(c|*) (pressure) -
ot(pu) + V - P = p(a).
o P° P pl t(pu) pla)
(deviatoric pressure) e But (a) = %(E +u x B). Thus:
@ Sa = O + V - (Usex)
(“transport derivative” for us). Si(pu) +V-P=0E+JxB+R| (5)
Remarks:

@ Kinetic energy balance for species s equals

@ If restricting to species s, then
9 P s momentum balance dot u:

denote quantities as us, R;, etc.
@ Including all particles, the drag 5§(ps1§ lus|?) + us - (V- Ps) = Js -E+ Ry - ug
force cancels: R=>" R, = 0.
@ P° = 0 if the distribution of
particle velocities is isotropic
(the same in all directions).
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Taking moments: energy

Given definitions:

o £:=p(4v?) (energy density)

@ P:= p(cc) (pressure tensor)

® q:=p(zclc?) (heatflux)

@ Q:= >"r-c (collisional heating)
Relationships:

@ energy = kinetic plus thermal:
(IV[2) = uf? & (), ie.,
p(3IVI) = p3lul® + p(5lcl*).

@ pressure is % the thermal energy:

pi=1p(lcP). s0 € = Jolu2 + $p.

Remarks:

@ If restricting to species s, write e.g.
Qs.

@ Including all particles, collisional
energy production cancels:
>Sr-vmS=0,i.e.,
Ru+Q=>(Rs-us+Qs)=0

@ g = 0 if the distribution of particle
velocities is symmetric.
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Energy balance (x = }|v[?):
@ Recall generic moment evolution (Egn. (3)):

pdi{x) + Vx - (p(cx)) = p(a- Vvx)

@ For x = }v-v, using that:

o p(}ev-v) =p(ec)-u+ p(fcc-c) =P-u+aq,
o p@a-v)y=p(LE-v)=E-Zpu=E-J

(thatis, (a-v) = (a) - (v)), and
e Sr-vmS=3>r-umS+>r-cmS=R-u+Q,

HE4+V - (P-utq)=J-E+R-u+Q| (6)

Thermal energy balance for species s:
@ Recall kinetic energy balance:

S (ps3lus?) +us - (V- P) = Js-E+ Ry -ug

@ Thermal energy balance equals energy balance
minus kinetic energy balance:

8 (ps(31es?)) + Po: VU, + V- qs = Qs
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Conserved moment evolution

Full fluid equations (one species):
Gathering together equations (4), (5), and (6) and re-
stricting to species s, we have a system of balance
laws for the mass(1) + momentum(3) + energy(1) =5

Remarks
@ System (7) is in the form

SU+V-F=S, e,

conserved moments:

MHD fluid equations:

The bulk fluid quantities of
MHD are defined by

7)

each equation in System
(7) over ions (s = i) and
electrons (s = e) gives the

HU+V- (U +F) =85,

Sips =0 L

B which is in the balance form
03(psUs) + V - P =osE+Js x B+ R

8E  +Ve(Psrus+0s) = Jds-E+Ry-us + Qs QU+V-F=S.

One-fluid MHD assumes u; = U,
which holds in the limit e — co. To
see this, look at the charge
density o = e(n; — ne) and current
density J = e(ujn; — ucne). As

Pi=pi P MHD equations, which are e — oo, J and o approach finite
pu = pild; + pelle, exactly the same but with- limiting villzues (because
£=& +6&. out the subscript s. The in- poo = ¢~V -Eand

One-fluid MHD assumes
that the fluid velocity is the
same for all species: u; ~
Uc. In this case, summing

Johnson (KU Leuven)

terspecies collision terms
involving Rs and Qs cancel
and disappear by the con-
servation laws (1).

Fluid models

1od = V x B — ¢=29E). Since
o/e — 0andJ/e — 0, in the limit
e — 0o, N, = ne and thus u; = Ue.
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Two-fluid moment system with closure

The pressure tensor is usually separated out into its scalar part ps = %tr Ps (where trP := Py¢ +
P2, + P33 is called the trace of the matrix P) and its deviatoric (traceless) part P{ := Ps — psI. Since
Py = pl+Pg, V-Ps = Vps + V - PY. So more conventionally, system (7) would be written:

atps + V * (Usps) = 0
Ot(psUs) + V - (psusug) + Vp, + V - P = osE + Jg x B + R; (8)
5t55+V'((5S+PS)US+PS'Us+qs) :JS'E+Rs'us+Os
The system (8) agrees exactly with the kinetic portional to the interspecies drift velocity:
equation. The only problem is that it is not
closed: the red terms are unkown unless we ‘ —R; =R = énenin - (U — Ue), |, 9)

make an assumption about the particle distri-
bution. Fluid closures assume that intraspecies
collisions are fast enough to keep the distribu-
tion close to Maxwellian. If the distribution is
Maxwellian then the red quantities, deviatoric
pressure PY and heat flux qs, will be zero. The
blue terms require an interspecies collision as-
sumption. We assume that the drag force is pro-

Johnson (KU Leuven)
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where n is a proportionality constant called the
resistivity and we have used that R; + R = 0.

Since 0 = R;-u; + Q; + Re - ue + Qe, the total
heating Q := Q; + Q. (caused by resistive drag)
is Q= —->Rs-us = J-n-J, and for simplic-
ity we can assume that resistive heating is allo-
cated among the species in inverse proportion
to the mass of each species.

Nov 28, 2013 21/30


https://en.wikipedia.org/wiki/Trace_%28linear_algebra%29

Outline
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MHD bulk fluid moments

Magnetohydrodynamics (MHD)
regards the plasma as a single fluid
and evolves fotal mass, momentum,
and energy densities. The bulk fluid
quantities of MHD are thus defined
by summing over all species:

Pi=pi T Pes
puU = pilj + pele,
E=& +E&.

To obtain a closed system, MHD
models impose two fundamental
simplifying assumptions:

@ quasineutrality: n, = n. =: n
(or more generally, /e — 0).
Q@ Ohm’slaw: E=B xu+....

Ohm'’s law replaces electric field
evolution and thus eliminates light
waves from the system.

Johnson (KU Leuven)

The divergence constraint V - E = uoc?e(n; — ne) says
that quasineutrality is justified if c — oo (classical, two-fluid
MHD) or if e — oo (one-fluid, possibly relativistic MHD).

One-fluid MHD additionally assumes that all species have
approximately the same fluid velocity:

OB,

this assumption is enforced as e — oo both by the strong
electrical current J = e(u;n; — u.n.) and by the strong
resistive drag Re = €?n.mn - (u; — u.) = —R; that would
otherwise result.

With this simplifying assumption, summing the system (8)
over all species gives:

Op+V-(up) =0
Ot(pu) + V- (puu) + Vp+V -P° =cE+Jd x B
HE+V-((E+pPU+P°-u+q)=J-E

(10)
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MHD: Ohm’s law

Recall from page 18 the momentum evolution equation (5). For electrons it
says:

dt(pele) + V - P. = 0.(E + Ue x B) + R..

In the limit e — oo, the electron charge density 0. = —en. becomes infinite.
Assuming that the left side remains finite, dividing by o. makes the left side
zero. Solving for E,

E=B xu,+ &
Oe
In the MHD limit n; = n. =: n, so the current is J = en(u; — u.) and the drag
closure (9) becomes R, = enn -J, i.e., 5—: = —n-J. So Ohm’s law says:

E=Bxu (ideal term)
+mn-dJd (resistive term).
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Classical MHD

In the classical limit, ¢ — oo. This yields two important simplifications:
@ Charge neutrality:

Indeed, the divergence constraint o = ¢~2V - E implies that o ~ 0.
@ Ampere’s law:

J:ug1V><B.

Indeed, the displacement current 0;E disappears in Maxwell-Ampere:

pod :=V x B —c29E.

Putting it all together, we have. ..
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Classical Resistive MHD

MHD system:

Op+V-(pu)=0 (mass continuity),
pdiu+Vp+ V-P°=Jd x B (momentum balance),
5E+V-(up+u-P°+q)=J-E (energy balance),
OB+V <xE=0 (magnetic field evolution).

The divergence constraint V - B = 0 is maintained by exact
solutions and must be maintained in numerical solutions.

Electromagnetic closing relations:

J = No_1v x B (Ampere’s law for current)

E~Bxu+mn-J| (Ohm’slaw for electric field)

In a reference frame moving with the fluid, B remains un-
changed but the electric field becomes E' = E+uxB =
n-dJ. So Ohm’s law says that, in the reference frame of
the fluid, the electric field is proportional to current (i.e.
to the drift velocity of the electrons). In other words, the
electric field balances the resistive drag force.

Johnson (KU Leuven) Fluid models

Fluid closure:
p= %(8 - %p|U|2),
P~ —2p: ((VU)°),
q~ —-k-VT;

(Vu)° == §(Vu+(Vu)) - {v -u
is the deviatoric strain rate.

Q

Q

Closure tensors: We will neglect the
viscosity o and heat conductivity k. In
the presence of a strong magnetic
field, i and k are tensors, not scalars.
In a tokamak, heat conductivity
perpendicular to the magnetic field can
be a million times weaker than parallel
to the magnetic field, helping to confine
heat. The reason is that particles spiral
tightly around magnetic field lines and
so easily drift along field lines. On the
other hand, even when the magnetic
field is strong, it is safe to assume that
the resistivity ) is a scalar (i.e.,

mn = nl) and we will make this
simplification.
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Thermal energy evolution in MHD

To obtain a thermal energy evolution equation for
MHD, we imitate the procedure for gas dynamics by
subtracting kinetic energy evolution from total gas

dynamic energy evolution.

Recall momentum balance:

pdiu+Vp+V-P°=JxB.

Kinetic energy balance is u dot momentum balance:

$pdiuZ +u-Vp+u-(V-P°) =u-(J x B).

Recall total gas-dyanamic energy balance:

5E+V-(up+u-P°4+q)=J-E.

Subtracting kinetic energy balance from this yields

thermal energy balance:

St(%p)+pv-u+P°:Vu+V-q:J-E’ ‘,

Johnson (KU Leuven)
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where we have used that thermal energy
is 3 the pressure, i.e., £ = g_p-i- %p|u|2_,

and where E’ := E + u x B is the electric
field in the reference frame of the fluid.

For resistive MHD,

E' =n-J.
Recall that

6tp=0p+ V- (up) =dip+ pV -u,
so

35ip+pV-u=2dp+ 3pv-u.

Assuming that P° = 0 and q = 0,
pressure evolution becomes

‘d,p+'yV~u: Zn-J.

where « := § is the adiabatic index.
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Conservation form of MHD

A fundamental
principle of physics is
that total momentum
and energy are
conserved. This
means that we
should be able to put
e.g. the momentum
evolution equation in
conservation form
Q4+ V-F=0.

To put momentum evolution
in conservation form, we write
the source term as a
divergence using Ampere’s
law, vector calculus, and
V-.-B=0:

—pod X B =B x J
=BxVxB
=(VB)-B—-B-.VB
=V(B?/2) - V -(BB)
=V -(IB%/2 — BB).

To put energy evolution in conservation
form, we write the source term as a
time-derivative plus a divergence, using
Ampere’s law, the identity

V- (ExB)=B-VXE—-E-V xB,
and Faraday’s law:

—poE-d

=—-E.-VxB
=V.-(ExB)-B-VxE
=V.(ExB)+B-9B
=V - (E x B) + 8/(B?/2).

So MHD in conservation form reads
O+ V- (pu) =0
B? —1 o) _
pdrU+V-<H(p+ £-) +1g BB+ P ) -0,

on(€+ )+ V-(u(E+p) +u-P° +q+ 4y ' Ex B) =0,

OB+ VXE=0

B2

(mass continuity),
(momentum conservation),
(energy conservation),

(magnetic field evolution),

where we now recognize pg := >— as both the pressure and the energy of the magnetic field.

210
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Notes on tensors

An nth order tensor has n
subscripts each of which
runs from 1 to 3. For
example, P; = p(cjc;) isa
second-order tensor (i.e. a
3 x 3 matrix).

The tensor project of an
nth order tensor A and an
mth order tensor B is an
(n + m)th order tensor
AB = A® B, where
(AB)iy...injy . ojm =

iy ...inBjy ...jm- FOr example,

(UP),'jk = U/ij.

The unique second-order
tensor that is invariant under
rotation of coordinates is the
Kronecker delta:

1
5= |
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ifi=j
otherwise

The unique third-order tensor that
remain unchanged under rotation of
coordinates is the Levi-Civita symbol:

1 = €123 = €231 = €312,
—1 = €213 = €321 = €132, and
0=¢jifi=jorj=kori=k.

The Einstein summation
convention says that there is an
implied sum over a repeated index in
a term. A non-summed index is called
a free index. For example, the cross
product is defined by

(u x v); = ejxu;vi, where iis the free
index.

Fluid models

The dot product of two
tensors is the tensor
product contracted
(summed) over adjacent
indices. E.g. u-v = u,v;
and (U . P),’ = uiP/i’

The trace of a tensor is its
contraction over its first
two indices: trP = P; and
u-v=tr(uv).

The transpose of a matrix
is defined by M,.I.T = M;.

A symmetric matrix M
(such as the pressure
tensor PP) satisfies

MT = M.
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